(2+1)-dimensional relativistic fractional spin particles are considered within the framework of the group-theoretical approach to anyons starting from the level of classical mechanics and concluding by the construction of the minimal set of linear differential field equations.
Introduction
with the help of the deformed (extended) Heisenberg-Weyl algebra. The last section contains concluding remarks.
Classical mechanics of fractional spin particles
In 2+1 dimensions, spin S = p µ J µ / √ −p 2 has a pseudoscalar nature and, so, relativistic particle with fixed mass −p 2 = m 2 and nonzero spin S = s = 0 has the same number of degrees of freedom as a massive scalar (s = 0) particle. Therefore, one can try to describe spin particle by the minimal set of phase space variables being the coordinates x µ and canonically conjugate energy-momentum vector p µ , {x µ , p ν } = η µν . Then the total angular momentum vector of the system can be chosen in the form
generalizing the form of the total angular momentum vector of the scalar particle [16] . Here J µ is a vector dual to the total angular momentum tensor,
ǫ µνλ J νλ , the second term j µ = j µ (p) serves for taking into account a nontrivial spin s, j µ = −sp µ / √ −p 2 + j ⊥ µ (p), j ⊥ p = 0, and we assume that p 2 is fixed with the help of the mass shell constraint,
Generally, the coordinates x µ can have the Poisson brackets of the form {x µ , x ν } = ǫ µνλ R λ .
The Jacobi identities for the brackets of x µ and p ν and classical Poincaré algebra, {p µ , p ν } = 0, {J µ , J ν } = −ǫ µνλ J λ , {J µ , p ν } = −ǫ µνλ p λ , lead to the following most general form of the quantities R µ and j ⊥ µ , which turn out to be correlated:
where A µ = A µ (p) is a set of arbitrary functions having the dimensionality of inverse mass. Only in one special case, when A µ = p µ · a(p 2 ) and, therefore, R µ = R cλ mean that at the quantum level there is no representation where the corresponding operators of the coordinates of the particle would be diagonal, and, hence, the special covariant case is characterized by nonlocalizable coordinates.
There is another special case characterized by localizable coordinates
In this case the "gauge field" A µ is defined by the equation ∂ µ A ν −∂ ν A µ = ǫ µνλ R cλ meaning that A µ has a curvature of SO(2,1) monopole. It is given by the expression
which can be considered as a most general solution of the 'curvature equation' [16] . One can convinced that in correspondence with general properties, x l µ has complicated transformation properties with respect to the pure Lorentz transformations (boosts), and, hence, is not a Lorentz vector. But due to the property of localizability, these coordinates help to realize covariant operators X c µ corresponding to classical coordinates x c µ :
We shall return to the discussion of the quantization of the described formulation of relativistic fractional spin particle, which can naturally be called a minimal canonical formulation, in the last section. So, we conclude that within the framework of the minimal formulation the properties of covariance and localizability for the coordinates of arbitrary spin particle cannot be simultaneously incorporated into the theory.
But it can be done via extending the phase space of the system by 'internal' phase space variables z n , n = 1, . . . , 2N, {z n , x µ } = {z n , p µ } = 0, and supposing that spin addition depends on these variables: j µ = j µ (z n , p ν ). In this case spin can be fixed by imposing the spin constraint
Constraints (2.1) and (2.2) form the set of first class constraints of the extended formulation, whereas N − 1 degrees of freedom, different from the spin one, should be 'frozen' by introducing the corresponding number of first or/and second class constraints. Let us suppose now that j µ does not depend on p µ , i.e. j µ = j µ (z n ), and that coordinates x µ are localizable, {x µ , x ν } = 0. Then it follows that j µ itself has to satisfy (2+1)-dimensional Lorentz algebra, 3) and that x µ is a Lorentz vector. Therefore, within the framework of the extended formulation we indeed can simultaneously incorporate into the theory the properties of localizability and covariance of the coordinates. The minimal case of extended formulation is characterized by two internal phase space variables (one degree of freedom frozen by the spin constraint), and it can be realized in the following way. First we note that j 2 lies in the centre of Lorentz algebra (2.3), and, therefore, it can be fixed by putting j 2 = C = const. As a result, we can consider j µ subject to this condition as the internal variables themselves. Then the topology of the internal phase subspace will be defined by this constant parameter C. In the case C = −α
, as the internal phase subspace, whereas the case C = β 2 ≥ 0 gives a one sheet hyperboloid. The Lagrangian leading to brackets (2.3) and constraints (2.1) and (2.2), has the following form [16] :
where ξ µ is a constant timelike vector, ξ 2 = −1, and e and v are Lagrange multipliers. On the phase space of the described minimal extended system, one can introduce the
This vector has, unlike x µ , zero brackets, {x µ ,χ} = 0, with the spin constraintχ presented with the help of the mass shell constraint in the dimensionless formχ = jp/ √ −p 2 − s. So,x µ is a gauge invariant extension of the initial coordinates x µ . It has a simple relativistic evolution law, dx
On the other hand, the initial coordinates x µ reveal more complicated motion as a consequence of a classical analog of the quantum relativistic Zitterbewegung [10] , which generally takes place in the system [16] . In this respect the coordinatesx µ are analogous to the Foldy-Wouthuysen coordinates for the Dirac particle. But there is one special case here, which is characterized by the value of the parameter C being correlated with the value of the spin parameter: iff −j 2 = α 2 = s 2 , there is Lagrange constraint in the system:ẋ 2 − (ẋj) 2 /j 2 = 0. This constraint means that the velocity of the particle is parallel to the vector j µ and, as a consequence of the spin constraint, to the energy-momentum vector p µ . So, in this special case x µ has the same evolution law asx µ , and, moreover, here the gauge-invariant extensionx µ coincides with x µ . We shall see below that this case turns out to be special also from the point of view of linear differential equations. In conclusion of classical considerations, we note that the Poisson brackets of the quantitiesx µ have the same form (on the surface of constraint (2.2) ) as the Poisson brackets of the covariant coordinates x c µ in the minimal formulation, whereas the general case of the minimal formulation can be obtained from the extended formulation via reduction of the extended system to the surface of the spin constraint [16] .
Quantum theory
In correspondence with classical relations (2.3), the operators J µ must satisfy the algebra of (2+1)-dimensional Lorentz group SO(2,1) (or SL(2,R) group locally isomorphic to it):
whereas the first class constraints turn into equations
In correspondence with classical picture, at the quantum level we also have two different cases. In the first case, when C = −α 2 < 0, α > 0, the quantization of the variables j µ leads to unitary irreducible representations (UIRs) of the discrete type series D ± α of the group SL(2, R) being the universal covering group of SL(2,R). In these representations the Casimir operator takes value J 2 = −α(α − 1) substituting the corresponding classical value of the constant C, and the operator J 0 takes the eigenvalues j 0 = ±(α + n), n = 0, 1, . . ., i.e. here we have infinite-dimensional half-bounded representations. In the case when C = β 2 ≥ 0, the quantization leads to the UIRs of the principal continuous series C Passing over to the rest frame system, p = 0, one can check that equations (3.2) have nontrivial solutions under the coordinated choice of the representation of SL(2, R) and of the value of the spin parameter s. In particular, in the case when Ψ carries the representation of the discrete type series D ± α , and s = ǫα, ǫ = +1 or −1, (that corresponds to the special classical case mentioned in the end of the preceding section), eqs. (3.2) have nontrivial solution describing the state with mass m and spin s = ǫα [15] . Considering equations (3.2) as field equations, one could try to construct the corresponding field action and then realize the secondary quantization of the theory in order to reveal a spin-statistics relation for fractional spin fields. But, unlike the case of the Dirac equation and equation for the topologically massive vector U(1) gauge field [17] , equations (3.2) are completely independent, and, so, they are not very suitable for realizing such a program. Therefore, we arrive at the problem of constructing the set of linear differential equations (by analogy with above mentioned equations), from which equations (3.2) would appear as a consequence of integrability condition (see also refs. [18] - [20] ).
Before going over to the consideration of this problem, let us note that in the above mentioned special case, when s 2 = α 2 and J µ ∈ D ± α , the second equation from the set (3.2) is the (2+1)-dimensional analog of the Majorana equation [21] . This equation describes the quantum states of the model of relativistic particle with torsion [15, 22] , and like the Majorana equation itself [21] , has solutions in the massive (p 2 < 0), massless (p 2 = 0) and tachyonic sectors (p 2 > 0). Moreover, in the massive sector it has the following mass spectrum: M n = mα/|s n |, n = 0, 1, . . ., where s n = ǫ(α + n) is the spin of states. So, from the point of view of the Majorana equation, the role of the Klein-Gordon equation consists in removing the tachyonic and massless states and in singling out from the infinite tower of states the state with highest mass and lowest spin modulus.
The following 'universal' vector set of linear differential equations for fractional spin field,
was proposed in ref. [9] . This set of equations has nontrivial solutions in the case of the choice of the two types of irreducible representations of the group SL(2, R): either unitary infinite-dimensional representations of the discrete type series D ± α (α > 0) , or (2j + 1)-dimensional nonunitary representations of the discrete type seriesD j in the case when α = −j, 0 < 2j ∈ Z, and J 2 = −j(j + 1). In the cases when α = −j = −1/2 and α = −j = −1, and when corresponding 2-dimensional spinor and 3-dimensional vector representations are chosen, the vector system of equations (3.3) is reduced to one equation being the Dirac or Jackiw-Templeton-Schonfeld equation [17] , respectively. In all other cases any two of three equations (3.3) can be chosen as a basic set of linear differential equations (3.3) and all the set of three equations is necessary only to have a manifestly covariant set of equations. Equations (3.2) appear as a consequence of the basic equations (3.3) and, as a result, vector system of equations (3.3) describes massive fields carrying irreducible representations of the (2+1)-dimensional Poincaré group ISO(2, 1) characterized by mass M = m and spin s = ǫα. Moreover, the vector set of equations of the form (3.3) has the following interesting property: it singles out itself only half-bounded infinite-dimensional representations D ± α as suitable for the description of fractional spin fields, and reject the use, for the purpose, of unbounded representations of the continuous series [9] . So, the vector set of equations (3.3) gives some link in the description of fractional spin fields and usual integer and half-integer spin fields, but it is not a minimal set of linear differential equations for describing fractional spin fields. The minimal set of equations, as we can conclude, must contain the set of two equations, and if we want to have a manifestly covariant formulation of the theory, we have to look for a spinor set of linear differential equations.
Such a system of equations can be constructed with the help of the deformed (extended) Heisenberg-Weyl algebra involving the Klein operator [23] . This algebra is given by the following commutation relation [24] :
where K is the Klein operator, defined, in turn, by the relations K 2 = 1, Ka ± + a ± K = 0, whereas ν ∈ R is a deformation parameter. The algebra (3.4) has unitary representations in the case when ν > −1 [23] . Let us define now the position Q and momentum Π operators, a ± = (Q∓iΠ)/ √ 2, and note that in the coordinate representation Ψ = Ψ(q), QΨ(q) = qΨ(q), the operator Π can be realized as Π = −i(d/dq + K · ν/2q), whereas K can be considered as a parity operator, KΨ(q) = Ψ(−q). Now, let us consider the set of operators
They satisfy the superalgebra
where
Relations (3.5) mean that the operators L α and J µ are the generators of osp(1|2) superalgebra with Casimir operator (1 + ν) > 0, α − = α + + 1/2, respectively: J 2 Ψ ± = −α ± (α ± − 1)Ψ ± . Note also here that the representations of the series D − α ± can be obtained in a simple way by the substitution J 0 → −J 0 , J ± → −J ∓ . Now, let us consider the spinor set of equations:
where we suppose that Ψ = Ψ(x, q), P µ = −i∂/∂x µ and ǫ αβ = −ǫ βα is a spinor metric tensor. The following relation is valid on the subspace of even functions Ψ + (x, q) = Ψ + (x, −q) [25] :
where V µ is given by eq. (3.3) . This means that on the subspace of even functions Ψ + the spinor system of equations (3.6) has nontrivial solutions describing the states of mass M = m and spin s = ǫα + = 0. On the other hand, one can check that on the subspace of odd functions this spinor set of equations has no nontrivial solutions [23] .
In conclusion let us point out on the hidden nonlocality of the present constructions. Indeed, the use of half-bounded infinite-dimensional representations for the construction of linear differential equations (describing effectively one-component field in a covariant way [23] ) could be associated with the half-infinite nonobservable 'string' of the nonlocal anyonic field operators in the approach which uses the statistical Chern-Simons U(1) gauge field [6] . In the case of minimal spinor set of linear differential equations the hidden nonlocality equivalently reveals itself in the dependence of even functions Ψ + (x, q) = Ψ + (x, −q) on continuous additional variable q ∈ R, that effectively correspondence to giving the fractional spin field on some half-inifinite 'string'.
Concluding remarks
Starting from the minimal canonical formulation described in section 2, one could try to construct the field action leading to the Klein-Gordon equation being the quantum analog of the only constraint (2.1) of the theory. But the problem consists here in the absence of the representation with the covariant operators X c µ to be diagonal. One could use a representation with diagonal operators X l µ , but these coordinates have complicated transformation properties with respect to the Lorentz transformations [16] , and, therefore, the theory will have manifestly noncovariant character. Moreover, it is necessary to take into account a nontrivial behaviour of the corresponding field Ψ(x l µ ) with respect to the Lorentz transformations [18] . So, because of these problems it seems more appropriate to work within a framework of the extended formulation, where the possibility to describe arbitrary spin fields is achieved through the use of the infinite-dimensional representations of the universal covering group of SL(2,R) group. However, here we have still an open problem of constructing the field action which would lead to the system of minimal spinor set of linear differential equations. In this case we have two equations for one (infinite-component [23] , or depending on additional continuous argument q) basic fractional spin field. Therefore, it is necessary to introduce into the theory some auxiliary field(s) and the problem is how to realize the extension of the system in some minimal way. Having such field action, we could realize the secondary quantization of the theory to reveal a spin-statistics relation. The hidden nonlocal nature of the present constructions, speculated in the end of the preceding section, can be considered as an indication [6, 7] that a spin-statistics relation indeed can be revealed for fractional spin fields in the group-theoretical approach.
The work was supported by MEC-DGICYT.
